The helium-like atoms have been subjected to a large number of investigations over the years. Of the many approaches to the problem, variational calculations are the most common. They have the advantage that their accuracy can be systematically improved by introducing additional parameters. A high point in such calculations was reached by Pekeris I who used variational functions containing 1078 terms. However, with the increase in the number of terms, one quickly loses a simple physical interpretation. Hence there is still a considerable effort 2 -6 directed towards finding simpler, physically meaningful wave functions.
Recently, Wu 2 has discussed a three-parameter wave function
for the two-electron atoms. Here the, 12 term describes the correlation between the two electrons and the different coefficients for, > and r < incorporate the fact that the electron which is farther away sees a smaller charge. This expression is the generalization of the expression used by Srivastava and Bhaduri 4 who consider the wave function in Eq. (1) but with A = O. In fact the observation of different charges by the two electrons is implicit in an earlier paper by Shull and Lowdin 7 who use a symmetrized wave function with different exponents for'l and '2' In all these cases, the predicted binding energies are in good agreement with those of accurate variational calculations. I Though the wave function of a two-electron atom is quite complicated in structure, it has a simple behavior in the region'l or '2--+00. In terms of this asymptotic behavior, the coefficient of, < is related to the nuclear charge and that of , > is related to the ionization energy of the atom. Therefore, if we demand that the wave function has the correct asymptotic behavior, then the exponents in the wave functions are essentially determined. We exploit this property to obtain simple wave functions not only for the ground state of the· two-electron atoms but also for some of the excited states.
I. ASYMPTOTIC BEHAVIOR
The Hamiltonian for a two-electron atom (in atomic units) is
An eigenstate of this Hamiltonian with eigenvalue E can be expanded in terms of the eigenstates of the one-electron atom:
n=O where
Since we have the relation
we can operate by H on t/' and project out the nth state to get
for '2--+ 00 .
Thus we have the asymptotic condition
This implies that the n = 0 term corresponding to the ground state dominates the asymptotic region,
In some cases, we may have reasons to include higher energy terms, i.e., n = 1,2, ... , etc., along with the asymptotic forms for f n (,) given in Eq. (7). The above arguments are also valid for,.--+ 00. In the following discussion, we will impose the condition in Eq. (10) as a consistency requirement. Though the asymptotic behavior in terms of the ionization energy is well known, 8 these conditions have not so far been used in the determination of two-electron wave functions. In order to keep the integrations elementary, we will incorporate only the asymptotic exponential behavior.
II. ZERO PARAMETER WAVE FUNCTION FOR THE GROUND STATE
We first consider a simple wave function of the form
for the ground state, where the condition in Eq. (10) demands that
(13) The expectation value of the Hamiltonian in Eq. (2) with this wave function is
where
Since b isrelated to E by Eq. (13), Eq. (14) gives an implicit equation for E which is determined iteratively. We find that for Z = 1, there is no bound state satisfying Eq. (14). The predicted energies for Z = 2, 3, 4 are given in Table I . Our zero-parameter values are an improvement over the usual one-parameter solutions, the parameter being the average screened charge.
III. ONE-PARAMETER WAVE FUNCTION FOR THE GROUND STATE
The essential point of the asymptotic conditions is that they help us to determine the exponents in the variational functions. We now try to incorporate corrections to the expression in Eq. (11), by including a term corresponding to the first excited level in Eq. (3), viz. n = 1 term.
Consider a ground-state wave function of the form
with g being a variational parameter and
For simplicity we have used a symmetric product form for the correction term. If vIr} governs the asymptotic behavior, we have from Eq. (10),
Since w(r) describes the asymptotic behavior when the remaining electron is in the first excited state, we get from Eqs. (7) and (8) (¢I¢) where HI is the one-particle Hamiltonian,
The matrix elements are given in the Appendix. We determine E iteratively. To illustrate the procedure, we start with an input value of Varying g, we find that E is minimum at g= 0.564.
The minimum energy is
consistent with the input value in Eq. (23). The minimum energies are given in Table I , for Z = 1 (g = 2.48), 2 (g = 0.564), 3 (g = 0.347), and 4 (g = 0.250). These values are consistently better than the two-parameter values of Sri vastava and Bhaduri.4 It is interesting to note that while our one-parameter energies are slightly higher than the three-parameter values of Wu 2 for Z = 2, 3, and 4, our value for H-is distinctly superior to that ofWu. Since the electrons in H-are loosely bound, this is reasonable, and the asymptotic part of their wave function may be expected to be important. Our approach is specifically oriented towards incorporating the appropriate asymptotic behavior.
The asymptotic conditions in Eq' (10) can be used to calculate the ionization energies of the excited states as well. The calculations are especially simple if the excited states are orthogonal to the ground state.
IV. IONIZATION ENERGY OF THE 2 3S STATE
For the 2 3S state, we consider a wave function of the form ¢(r l ,r 2
where a and b are given by Eqs. (19) and (20), and g is a variational parameter. The expectation value of the energy is given by
Since the parameters a and b depend on E, they are determined iteratively. In the case of helium, we find that for an input value of E = -2.1738, the expression in Eq. (28) for the energy has an extremum at g:::::2.03.
The corresponding minimum energy is E min ::::: -2.1738,
consistent with the input energy. This energy implies an ionization energy of 4.727 eV which is in quite good agreement with the exact ionization energy9 of 4. 767 eV. The minimum energies for Z = 2(g = 2.03), Z = 3(g = 2.13), and Z = 4(g = 2.55) are given in Table II, along with the accurate values of Accad et al. 9 The agreement between the two sets of values is quite encouraging.
V.IONIZATION ENERGY OF THE 2PSTATES
For the 2P states, we use wave functions of the form
where E = + 1 for the 2 Ip state and E = -1 for the 2 3 p state. As before, a and b are given by Eqs. (19) and (20). The expectation value of the energy is
Since b is a function of E, the above equation is solved iteratively. For helium, we get 
VI. DISCUSSION
The asymptotic behavior of two-electron atomic wave functions relates the exponents of the model wave functions to the energies of the atom and the charge of the nucleus. The model wave functions which incorporate these relations, provide simple and physically meaningful approximations to the exact wave functions. Their predictions for the energies are in good agreement with the experimental values. They are particularly useful for H-in which the electrons are loosely bound and the asymptotic part of the wave function may be expected to be important. Many of these considerations can be extended to atoms with three or more electrons.
APPENDIX
The matrix elements in Eq. (22) 
